Abstract. In this paper, we introduce the concepts of rational type and subrational type contractive mappings. We expand and improve some fixed point theorems obtained by Alsulami et al. (Fixed Point Theory Appl., 2015 , 2015 . Moreover, we give an example to support our results.
Introduction and preliminaries
Fixed point theory gains very large impetus due to its wide range of applications in various fields such as engineering, economics, computer science, and many others. It is well known that the contractive condition is indispensable in the study of fixed point theory. Banach fixed point theorem [1] is one of the pivotal results in mathematical analysis. Many authors (see, e.g., [2] - [8] ) not only extend this theorem but also consider fixed points in various abstract spaces.
Definition 5 Let X be a nonempty set, T : X → X and µ : X × X → R + be two mappings. We say that T is a µ-subadmissible mapping if µ(x, y) ≤ 1 implies µ(Tx, Ty) ≤ 1 for all x, y ∈ X.
Definition 6 Let (X, d) be a GMS and µ : X×X → R + . We say that X is called µ-subregular if, for any sequence {x n } in X such that x n → x and µ(x n , x n+1 ) ≤ 1, then there exists a subsequence {x n k } of {x n } such that µ(x n k , x) ≤ 1 for all k ∈ N * . Definition 7 A mapping H : R × R + −→ R is called a function of subclass of type I if it is continuous and x ≥ 1 implies H(1, y) ≤ H(x, y) for all y ∈ R + .
Example 1
We have the following functions of subclass of type I, for all x ∈ R and y ∈ R + :
(1) H(x, y) = (y + l) x , l ≥ 1; (2) H(x, y) = (x + l) y , l ≥ 0; (3) H(x, y) = xy n , n ∈ N; (4) H(x, y) = x n y, n ∈ N; Definition 8 Let F : R + × R + −→ R and H : R × R + −→ R be two mappings. We say that the pair (F, H) is an upper class of type I if H is a function of subclass of type I and satisfies for all r, s, t ∈ R + , (1) 0 ≤ s < 1 ⇒ F(s, t) ≤ F(1, t); (2) H(1, r) ≤ F(s, t) ⇒ r ≤ st.
Example 2
We have the following upper classes of type I, for all x ∈ R, y, t ∈ R + , s ∈ [0, 1):
) H(x, y) = xy n , F(s, t) = s n t n , n ∈ N; (4) H(x, y) = x n y, F(s, t) = st, n ∈ N;
Proposition 1 [6] Suppose that {x n } is a Cauchy sequence in a GMS (X, d) with lim n→∞ d(x n , u) = 0, where u ∈ X. Then lim n→∞ d(x n , z) = d(u, z), for all z ∈ X. In particular, the sequence {x n } does not converge to z if z = u.
Main results
In this section, let F(T ) denote the set of fixed points of the mapping T . Let Ψ be a family of functions ψ : R + → R + satisfying the following properties:
(i) ψ is upper semi-continuous and nondecreasing;
(ii) lim n→∞ ψ n (t) = 0 for all t > 0.
By the above properties, we have ψ(t) < t, for each t > 0. Indeed, if there exists t 0 > 0 such that ψ(t 0 ) ≥ t 0 , then by the monotonicity of ψ, it establishes that ψ n (t 0 ) ≥ t 0 , (n = 1, 2, . . .),
This is a contradiction.
Definition 9 Let (X, d) be a GMS and α : X×X → R + a mapping. A mapping T : X → X is said to be an (α, ψ, F, H)-rational type-I contractive mapping if there exists a function ψ ∈ Ψ, such that for all x, y ∈ X, the following condition holds:
where (F, H) is an upper class of type I and
Theorem 1 Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied:
(ii) T is an (α, ψ, F, H)-rational type-I contractive mapping; (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. Let x 0 ∈ X satisfy α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1. We construct a sequence {x n } in X as x n = T n x 0 = Tx n−1 , for n ∈ N * . It is obvious that x n 0 is a fixed point of T if x n 0 = x n 0 +1 , for some n 0 ∈ N. Without loss of generality, we assume that x n = x n+1 for all n ∈ N.
Since T is α-admissible, then
and by induction, we get α(x n , x n+1 ) ≥ 1 for all n ∈ N. By similar argument, we get α(x n , x n+2 ) ≥ 1 for all n ∈ N from α(x 0 , T 2 x 0 ) ≥ 1. Consider (1) with x = x n and y = x n+1 , it follows that
and by the monotonicity of ψ, it is easy to see that
Putting x = x n−1 and y = x n+1 in (1), we have
which establishes that
where
Hence lim
then by (5), we arrive at
Taking the limit as n → ∞ from (6), we get lim n→∞ d(x n , x n+2 ) = 0 because of (4). Therefore,
Now, we prove that {x n } is a GMS Cauchy sequence, that is, lim n→∞ d(x n , x n+k ) = 0, for all k ∈ N * . We have already proved the cases for k = 1 and k = 2 in (4) and (7), respectively. Take arbitrary k ≥ 3. We discuss two cases. Case 1. Suppose that k = 2m + 1, where m ≥ 1. Using the quadrilateral inequality (GMS3), we have
Case 2. Suppose that k = 2m, where m ≥ 2. Again, by applying the quadri-lateral inequality (GMS3), we have
Uniting Case 1 and Case 2, we have lim
again by (4) and (7), we have lim
We shall show x * is a fixed point of T . First, assume that T is continuous, then by (8) , it is clear that
Due to Proposition 1, we conclude that x * = Tx * , that is, x * is a fixed point of T . Second, assume that X is α-regular. Then, there exists a subsequence {x n k } of {x n } such that α(x n k , x * ) ≥ 1 for all k ∈ N * . Choose x = x n k and y = x * in (1), we get
which follows that
Consider the upper semi-continuity of ψ, it derives from (9) that
is a contradiction). Finally, assume that x * and y * are two different fixed points of T . Then by the hypothesis, α(x * , y * ) ≥ 1. Hence, from (1) with x = x * and y = y * we conclude that
. This is a contradiction. Hence T has a unique fixed point.
Corollary 1 Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied: (i) T is an α-admissible mapping;
(ii) for all x, y ∈ X,
where l ≥ 1 is a constant and M(x, y) is defined by (2); (iii) there exists x 0 ∈ X such that α (x 0 , Tx 0 ) ≥ 1 and α x 0 , T 2 x 0 ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. Choose H(x, y) = (y + l) x and F(s, t) = st + l, then by Theorem 1, the desired proof is obtained.
Corollary 2 Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied:
(i) T is an α-admissible mapping;
where l ≥ 0 is a constant and M(x, y) is defined by (2); (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. Choose H(x, y) = (x + l) y and F(s, t) = (1 + l) st , then by Theorem 1, the proof is valid.
Corollary 3 Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied:
where M(x, y) is defined by (2); (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. Take H(x, y) = xy n and F(s, t) = s n t n , then by Theorem 1, the proof is completed.
Corollary 4 Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied:
where k ≥ 0 is a constant and M(x, y) is defined by (2); (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. Take H(x, y) = kx+1 k+1 y n and F(s, t) = s n t n , then by Theorem 1, the claim holds.
Remark 1
Assume that H(x, y) = xy and F(s, t) = t in Definition 9 and let (2) from Definition 8 be replaced by H(1, r) ≤ F(1, t) ⇒ r ≤ t, then T : X → X is said to be an (α, ψ)-rational type-I contractive mapping. This is a definition from [4] . In this case, we easily get the following Corollary 5 from Theorem 1.
Corollary 5 [4]
Let (X, d) be a complete GMS, T : X → X a mapping and α : X × X → R + a given function. Suppose that the following conditions are satisfied:
(i) T is an α-admissible mapping; (ii) T is an (α, ψ)-rational type-I contractive mapping; (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Definition 10 Let (X, d) be a GMS and α : X × X → R + a mapping. A mapping T : X → X is said to be (α, ψ, F, H)-rational type-II contractive mapping if there exists a function ψ ∈ Ψ, such that for all x, y ∈ X, the following condition holds: ψ(M(x, y) )), where (F, H) is an upper class of type I and
.
For this class of mappings we state a similar existence and uniqueness theorem.
Theorem 2 Let (X, d) be a complete GMS, T : X → X and α : X × X → R + be two mappings. Suppose that the following conditions are satisfied:
(i) T is an α-admissible mapping; (ii) T is an (α, ψ, F, H)-rational type-II contractive mapping; (iii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1 and α(x 0 , T 2 x 0 ) ≥ 1; (iv) either T is continuous, or X is α-regular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have α(x, y) ≥ 1, then T has a unique fixed point in X.
Proof. The proof can be done by the similar proof as the following Theorem 3.
Definition 11 Let (X, d) be a GMS and µ : X × X → R + a mapping. A mapping T : X → X is said to be a (µ, ψ, F, H)-subrational type-I contractive mapping if there exists a function ψ ∈ Ψ, such that for all x, y ∈ X, the following condition holds:
where (F, H) is an upper class of type I and M(x, y) is defined by (2).
Theorem 3 Let (X, d) be a complete GMS, T : X → X a mapping and µ : X × X → R + a given function. Suppose that the following conditions are satisfied: (i) T is a µ-subadmissible mapping;
(ii) T is a (µ, ψ, F, H)-subrational type-I contractive mapping; (iii) there exists x 0 ∈ X such that µ(x 0 , Tx 0 ) ≤ 1 and µ(x 0 , T 2 x 0 ) ≤ 1; (iv) either T is continuous, or X is µ-subregular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * .Further, if for all x, y ∈ F(T ), we have µ(x, y) ≤ 1, then T has a unique fixed point in X.
Proof. Let x 0 ∈ X satisfy µ(x 0 , Tx 0 ) ≤ 1 and µ(x 0 , T 2 x 0 ) ≤ 1. We construct a sequence {x n } in X as x n = T n x 0 = Tx n−1 , for n ∈ N * . It is clear that x n 0 is a fixed point of T if x n 0 = x n 0 +1 for some n 0 ∈ N. As a result, we assume that x n = x n+1 for all n ∈ N.
Since T is µ-subadmissible, then
and by induction, we get µ(x n , x n+1 ) ≤ 1 for all n ∈ N. By similar argument, on account of µ(x 0 , T 2 x 0 ) ≤ 1, we have µ(x n , x n+2 ) ≤ 1 for all n ∈ N. Considering (10) with x = x n and y = x n+1 , we acquire that
Similar to the process of proof of Theorem 1, we get (4). Next consider (10) with x = x n−1 and y = x n+1 , it is easy to get (7) . By similar proof of Theorem 1, we prove that there exists x * ∈ X such that (8) holds.
We shall show that the limit x * of {x n } is a fixed point of T . First, we assume that T is continuous, then by (8) , it is clear that
Due to Proposition 1, we obtain x * = Tx * , that is, x * is a fixed point of T . Now, we suppose that X is µ-subregular. Then there exists a subsequence {x n k } of {x n } such that µ(x n k , x * ) ≤ 1 for all k ∈ N * . Choosing x = x n k and y = x * in (10) , we arrive at
which implies that (9). Similar argument of Theorem 1, we claim that x * is a fixed point of T . Finally, assume that x * and y * are two different fixed points of T . Then by the hypothesis, µ(x * , y * ) ≤ 1. Hence, from (10) with x = x * and y = y * we conclude that
Hence by the same proof of as one in Theorem 1, T has a unique fixed point.
Corollary 6 Let (X, d) be a complete GMS, T : X → X a self mapping and µ : X × X → R + a given function. Suppose that the following conditions are satisfied:
where M(x, y) is defined by (2); (iii) there exists x 0 ∈ X such that µ(x 0 , Tx 0 ) ≤ 1 and µ(x 0 , T 2 x 0 ) ≤ 1; (iv) either T is continuous, or X is µ-subregular. Then T has a fixed point x * ∈ X and {T n x 0 } converges to x * . Further, if for all x, y ∈ F(T ), we have µ(x, y) ≤ 1, then T has a unique fixed point in X.
Proof. Choose H(x, y) = xy n and F(s, t) = s n t n , n ∈ N, then by Theorem 3, the desired proof is completed.
The following example illustrates that Theorem 3 is inspired by [7] . 2, 3) ).
On the other hand, for x ∈ {1, 2} and y = 4 we obtain For x, y ∈ {3, 4}, the contraction condition is obvious. Clearly, T satisfies the conditions of Theorem 3 (or Corollary 6) and hence T has a unique fixed point x = 1.
